We construct the chiral gravitational waves from the z = 2 Hořava-Lifshitz gravity with gravitational Chern-Simons term in the de Sitter and Minkowski backgrounds. These gravitational waves which show a feature of the Hořava-Lifshitz gravity may be related to the generalized uncertainty principle. In addition, we find the classical and quantum IR-UV transition rules in the z = 2 Hořava-Lifshitz gravity.
solutions in the early universe [12, 13] . Importantly, the authors in [15] have shown that the chiral primordial gravitational waves are generated from the z = 3 HL gravity when working the pure de Sitter cosmological background. These circularly polarized modes are generated only when the Cotton tensor C ij is present, making parity violation. Since these modes are composed of higher order spatial derivatives, it may be likely observed if these modes were really present in the very early universe 3 . Let us study what happens in the z = 2 HL gravity. Aside from the fact that the scaling-invariant spectrum is a perturbative feature of the z = 3 HL gravity, the remaining two could be achieved when using the z = 2 HL gravity. A matter bounce solution can be derived from the z = 2 HL gravity with a matter, since there is no essential difference in Friedmann equations between z = 2 and z = 3 HL gravities. This is so because the Cotton tensor from the gCS term did not contribute to the Friedmann-Robertson-Walker (FRW) universe based on the isotropy and homogeneity, but it contributes to the Mixmaster universe (Bianchi IX) based on the anisotropy and homogeneity [16, 17] . Hence, it is quite interesting to see whether chiral gravitational waves without ghost instability can be generated from the z = 2 HL gravity.
On the other hand, one of main ingredients for studying quantum gravity is the generalized uncertainty principle (GUP), which has been argued from various approaches to quantum gravity and black hole physics [18] . We note that the GUP is in the heart of the quantum gravity phenomenology. Certain effects of quantum gravity are universal and thus, influence almost any system with a well-defined Hamiltonian [19] . It seems that the GUP may be related to black holes found in the deformed HL gravity [20, 21] . Furthermore, it was shown that the GUP-corrected tensor propagator takes similar form as that derived from the z = 3 HL gravity [22, 23] .
We wish to mention why the connection between z = 2 HL gravity and GUP will be important to understand the quantum aspects of z = 2 HL garvity. The GUP usually satisfies the modified Heisenberg algebra [x i , p j ] = ih δ ij + βp 2 δ ij + 2βp i p j , where p i is considered as the momentum at high energies. Thus, it can be interpreted to be the UV-commutation relation. On the other hand, introducing IR-canonical variable p 0i with x i = x 0i via the replacement p i → p 0i 1 + βp 2 0 , these variables satisfy canonical (IR) commutation relation [x 0i , p 0j ] = ihδ ij . Here p 0i is considered as the momentum at low energies. It is easy to show that the UV-commutation is satisfied to β-order when using the IR-commutation. Hence, the replacement could be used as an "important low-energy window" to investigate quantum gravity phenomenology up to β-order. Similarly, if the UVtensor propagator of z = 2 HL gravity which carries an information on the renormalizability could be obtained from the IR-UV transition of p 2 → p 2 (1 + 2p 2 /ω), one insists that the GUP can be realized in the z = 2 HL gravity partly. We note that even though the GUP is in the heart of the quantum gravity phenomenology, it reveals a part of quantum gravity effects but not whole of quantum gravity effects.
In this work, we wish to construct chiral gravitational waves from the z = 2 HL gravity [5] with the gCS term in the de Sitter and Minkowski backgrounds. Also we suggest that these gravitational waves may be related to the GUP.
z = HL gravity with gCS term
Introducing the ADM formalism where the metric is parameterized
the Einstein-Hilbert action can be expressed as
where G is Newton's constant and extrinsic curvature K ij takes the form
Here, a dot denotes a derivative with respect to t. The action of z = 2 HL gravity is given by [5] S HL = dtd
where the kinetic Lagrangian is given by
with the DeWitt metric
and its inverse metric
The potential Lagrangian is determined by the detailed balance condition as
Explicitly, E ij could be derived from the Euclidean 3D gravity
with
In order to generate chiral gravitational modes, it is necessary to introduce the gravitational Chern-Simon (gCS) term [24] 
whose variation with respect to g ij leads to the Cotton tensor C ij
Here ǫ ikl is a tensor and α is an arbitrary parameter with scaling dimension [α] = 2.
In the IR limit, comparing S HL with Eq.(2) of general relativity, the speed of light, Newton's constant and the cosmological constant are given by
Considering the z = 2 HL gravity with
In the case of λ = 1(Λ W < 0), the z = 2 HL potential Lagrangian with gCS term takes the form
where we recover the general relativity with cosmological constant in the limit of Λ W → ∞.
This Lagrangian is useful to study cosmological implications. It is obvious that L λ=1 V does not satisfy the detailed balance condition because the last term is present. Here, we choose
to ensure that ghost-free chiral gravitational waves are propagating in the pure de Sitter background. We could not obtain ghost-free chiral gravitational waves unless α = µc.
We would like to mention that the IR vacuum of this theory is anti-de Sitter (AdS 4 ) spacetimes. Hence, it is interesting to take a limit of the theory, which may lead to a
Minkowski vacuum in the IR sector. To this end, one may deform the theory by adding
and then, taking the Λ W → 0 limit [4] . We call this the "deformed z = 2 HL gravity". This does not alter the UV property of the theory, while it changes the IR property. That is, there exists a Minkowski vacuum, instead of an AdS vacuum. In the IR limit, the speed of light and Newton's constant are determined by
For λ = 1, the deformed z = 2 HL gravity with gCS term takes the form
where an important parameter ω [4] and α are given by
with scaling dimension [ω] = 2. We note that a choice of α = µc is essential to find ghostfree chiral gravitational waves propagating on the Minkowski background. In the limit of ω → ∞, we recover the general relativity. Comparing L λ=1 V withL λ=1 V , these become the same form when replacing −1/Λ W by 1/ω up to cosmological constant −3Λ W .
Cosmological implications
First of all, we look for cosmological equation to z = 2 HL gravity with gCS term by introducing the FRW metric 
where scaling dimensions are [k] = 2 and [H 2 ] = 2 with H =ȧ ca . Here, we observe a replacement for the IR-UV transition
However, we note that for thek = 0 case, there is no contribution from higher order curvature terms R 2 and R 2 ij . Also, there is no contribution from the Cotton tensor originated at gCS term because the FRW metric (20) is based on the isotropy and homogeneity. Thus, we obtain the same Friedmann equation even if one considers the z = 3 HL gravity. In the presence of a matter, there were bounce solutions to Friedmann equations [13, 25, 26] . Also, classical solutions to the IR limit of Hořava-Lifshitz gravity can mimic general relativity plus cold dark matter [27] .
In the case of deformed z = 2 HL gravity with gCS term, the corresponding Friedmann equation leads to [4] 
where we find a replacement for the IR-UV transition
We may call (22) and (24) the "classical" IR-UV transition because we are using Friedmann equations.
In order to generate chiral gravitational waves, we consider the de Sitter inflation by introducing a positive cosmological constantΛ as
where we choosek = 0 andΛ > |Λ W |. This leads to the Sitter inflation like a(t) ∼ e cHt .
Then, we introduce tensor perturbations only around de Sitter inflation [15] 
where h ij is a transverse-traceless tensor. At this stage, we note that we choose N 2 = 1 for tensor perturbations, but not N 2 = c 2 as in Eq. (20) because the former choice makes the cosmological perturbation transparent.
Substituting this metric into the total action with α = µc, we find the bilinear action for h ij as
where △ denotes the spatial Laplacian and x 0 = ct with [x 0 ] = −1.
Tensor h ij could be expanded in terms of plane waves with wave vector k i with comoving
where p A ij is a circularly polarization tensor defined by ik s ǫ rsj p A ij = kρ A p Ar i . ρ L = 1(ρ R = −1) denote for left (right)-handed circularly polarized modes, respectively. Using the variable v A k = aψ A k and the conformal time η defined by dη/dt = 1/a, we obtain the Mukahnovtype equation for describing two circularly polarized modes
where
with scaling dimensions [η] = −2 and [(k A eff ) 2 ] = 4. On the other hand, (k A eff ) 2 is given for z = 3 HL gravity [15] (k
At this stage, we wish to point out that for α = µc, two ghost-free circularly polarized waves are generated. In the case of α = µc, (k A eff ) 2 > 0 is not guaranteed, which may induce a ghost instability. In the absence of gCS term, we find the "quantum" IR-UV transition
Expressing this in terms of physical momentum p = k/a leads to
Circularly polarized gravitational waves
In order to investigate tensor propagations in the Minkowski background, we use the perturbation of (5)+ (18) . Equivalently, we make substitution of a → 1, h ij → t ij , and −Λ W → ω in Eq. (28) to derive tensor perturbation. Then, the field equation for tensor modes is given by [28, 22, 23] 
with linearized-Cotton tensor δC ij = −ǫ ilm ∂ l △ t j m and external source T ij . In this case, we could not obtain the Euclidean covariant propagator because of the presence of Cotton tensor. Assuming a massless graviton propagation along the x 3 -direction with p i = (0, 0, p 3 ), then t ij (x 3 ) can be expressed in terms of polarization components as [29, 30, 31] 
Here, the spatial Laplacian △ reduces to ∂ 2 3 (−p 2 3 ). Using this parametrization, we find two coupled equations for different polarizations
To find two independent components, we have to introduce the left-right base defined by
where t L (t R ) represent the left (right)-handed modes. After Fourier-transformation, we find
with scaling dimension [̟] = 2.
Finally, we have tensor propagators
which shows clearly that there is no ghost for two circularly polarized modes t L/R . It is noted from Eq.(40) that for α = µc, one could not make all spacial momentum terms positive definite, implying that a ghost state appears for the left-handed mode. Hence, the choice of α = µc is essential to obtain two ghost-free circularly polarized waves.
In the absence of gCS term, the tensor propagators take the same form
where the "quantum" IR-UV transition is observed as
with p 2 = p i p i .
GUP-corrected propagators
The GUP satisfies the modified Heisenberg algebra [32, 33, 34 ]
where p i is considered as the momentum at high energies and thus, (45) can be interpreted to be the UV-commutation relations. Here, we choose β ′ = 2β for achieving the commutativity with UV scaling dimension [β] = −2. In this case, the minimal length which follows from the modified Heisenberg algebra is given by δx min =h 5β.
The presence of the minimal length represents a feature of the GUP. On the other hand, introducing IR-canonical variable p 0i with x i = x 0i through the replacement
these variables satisfy canonical commutation relations
Here p 0i is considered as the momentum at low energies (IR region) with p 2 0 = p 0i p 0i . It is easy to show that Eq.(45) is satisfied to β-order when using Eq. (48). Hence, the replacement (47) could be used as the "low-energy window" to see quantum gravity phenomenology up to β-order. However, at β 2 -order, we observe that the translation invariance is broken because coordinate x i becomes noncommutative. Thus, it is not guaranteed that the replacement (47) works up to β 2 -order. Accordingly, the following replacement is suggested for making a connection between GUP and z = 2 HL gravity
At high energies, we assume that the UV-propagator has
whereas at low energies, the IR-propagator takes the conventional form
Making use of (49), the UV-propagator (50) can be rewritten as
The GUP-corrected tensor propagator is determined by
This is the same form as the UV-tensor propagator (43) when using the replacement of β → 1/ω and p 2 → p 2 0 for the z = 2 HL gravity. Now we may make a connection between GUP and z = 2 HL gravity with gCS term (circular polarized tensor modes). To this end, we introduce doubly special relativity which suggests modification of commutators [35] [
Then, let us define 
up to β-order. However, this is not the case of left-handed mode in Eq.(42). Hence, the connection between GUP and circularly polarized tensor modes is not clearly defined.
Discussions
We have constructed the chiral gravitational waves from the z = 2 Hořava-Lifshitz gravity with gCS term in the de Sitter and Minkowski backgrounds, as the z = 3 Hořava-Lifshitz gravity did provide them [15] . It turns out that the gCS term plays an essential role in making circularly polarized gravitational waves in the z = 2 and z = 3 Hořava-Lifshitz gravity theories. Particularly, its coefficient should be chosen as α = µc to obtain ghost-free chiral gravitational waves.
Also, we observe classical and quantum IR-UV transition rules which show the feature of the z = 2 HL gravity: (22) and (24) for classical rules and (34) and (44) (45) is satisfied to β-order. Thus, the replacement (49) was used to derive the GUP-corrected propagator (53) which is the same form as the UV-tensor propagator (43). Hence, the z = 2 deformed HL gravity without gCS term is well interpreted by the GUP. We note that − (15) and (18), respectively. Therefore, R 2 ij -term is responsible for showing the quantum aspects of the z = 2 HL gravity.
On the other hand, classical IR-UV transition rules remain unchanged in the presence of gCS term. However, quantum transition rules do not work. Even though a modified commutation (54) was introduced, the connection between circularly polarized tensor modes and GUP is not clearly established.
In conclusion, the z = 2 HL gravity may be considered as a candidate for the quantum Einstein gravity. It provides matter bounce solution and chiral gravitational waves, as obtained from the z = 3 HL gravity. It was shown that the renormalized Wheeler-DeWitt equation possesses a solution with a z = 2 Lifshitz point, but no other z > 2 solutions to leading order of strong coupling expansion [6] . Considering the z = 2 HL gravity with the gCS term, their conclusion remains unchanged. Moreover, the perturbative corrections to z = 2 Lifshitz point are more attractive than the z = 3 Lifshitz point.
